This paper examines Hyers-Ulam (HU), Hyers-Ulam-Rassias (HUR) and Hyers-Ulam-Rassias-Gavruta (HURG) stability of the first-order differential equation including Bernoulli's, Riccati and Abel with given initial condition.
INTRODUCTION
HU stability is one of the main topics in the theory of functional equations. In 1940, S.M. Ulam posed the problem: ''Give conditions in order for a linear mapping near an approximately linear mapping to exist''. One year later, Hyers [1] was first answered this problem in the following way: Let = ( , +) be an Abelian semigroup and assume that a function : → ℝ satisfies the inequality | ( + ) − ( ) − ( )| ≤ , ( , ∈ ) for some positive . Then, there exists a unique additive function : → ℝ such that | ( ) − ( )| ≤ , ( ∈ ) holds.
Bourgin [2] , Aoki [3] and Rassias [4] were extented the above result of Hyers [1] . Stability problem of differential equations in the sense of HU was initiated by the papers of Obloza [5, 6] . In 1998, Alsina and Ger [7] examined the HU stability for the linear differential equation ′( ) = ( ). They proved that if a differentiable function : → ℝ satisfies | ′( ) − ( )| ≤ , for all ∈ , then there exists a differentiable function : → ℝ such that ′( ) = ( ) and | ( ) − ( )| ≤ 3 , for all ∈ , where > 0 and is an open interval.
Also, the above result of Alsina and Ger [7] generalized by Miura [8] , Miura et al. [9] , Takahasi et al. [10] and Miura et al. [11] . Indeed, they presented the HU stability of ′(t) = ( ).
In 2004, Jung [12] gave the HU stability of ψ( ) ′( ) = ( ). After, Jung [13] , Miura et al. [14] and Takahasi et al. [15] have been generalized the result of the HU stability for first-order linear differential equations. They considered the following nonhomogeneous linear differential equation:
In 2006, Jung [13] investigated the HUR stability of Eq. (1) . Also, Jung [16] gave the generalized HU stability of the differential equation of the form
In 2008, Wang et al. [17] studied the following differential equation:
Using the method of the integral factor, they proved the HU stability of Eq.(2) and extend the existing results.
In 2008, Jung and Rassias [18] gave the HU stability of the following Riccati equation:
under the given additional conditions.
In 2009 and 2010, Rus [19, 20] presented Ulam-Hyers (UH) stability, generalized UH stability, Ulam-Hyers-Rassias (UHR) stability and generalized UHR stability for the ordinary differential equations
and ′ (t) = ( ) + ( , ( )).
Also, in 2010, Jung [21] proved that the HUR stability and the HU stability of the Eq.(4) are defined on a finite and closed interval by using the fixed point method and adopting the idea used in Cãdariu and Radu [22] .
In 2013, Li and Wang [23] obtained the results of HUR stability and UH stability for the following semilinear differential equation :
In 2014, Alqifiary [24] gave a necessary and sufficient condition for the HUR stability and found HU stability constant under certain conditions in order that the linear system of differential equations ′( ) + ( ) ( ) + ( ) = 0.
In the same year, Qarawani [25] established the stability of first-order linear and nonlinear differential equations in the sense of HUR. Also, he investigated stability and asymptotic stability in the sense of HUR for a differential equation of the form
and for Bernoulli's differential equation ( , y) = q(t) , n > 1 with initial condition
where the continuous function ( , ): [ 0 , 1 ] × ℝ → ℝ satisfies the Lipschitz condition
for any ∈ [ 0 , 1 ], and , ∈ ℝ, ( , 0) = 0, for all −∞ < 0 < 1 ≤ ∞.
In 2017, Onitsuka and Shoji [26] gave the HU stability of the following differential equation:
where is a nonzero real number. They found an explicit solution ( ) of Eq.(8) satisfying that |Φ( ) − ( )| ≤ | | , for all ∈ ℝ under the assumption that a differential function Φ( ) satisfies
Serious studies on the stability problem of differential equations began after 2000's. Stability has been investigated for the different classes of differential equations with different approaches. For example, a special type of ordinary differential equations are delay differential equations. To our knowledge, in 2010, the first mathematicians who investigated the stability of delay differential equations were Jung and J.
Brzdek [27] . Enacted by the stated outcomes on HU stability above, they gave the HU stability of ′ ( ) = ( − ), for [− , ∞) with an initial condition, where and are positive real constants. Thereafter, Otrocol and Ilea [28] investigated UH stability and generalized UHR for the following delay differential equation:
′( ) = ( , ( ), ( ( ))).
In 2015, using the fixed point method, Tunç and Biçer [29] obtained new results on the HUR stability and the HU stability for the first-order delay differential equation Very recently, the HU stability and the HUR stability have been studied for delay differential equations by [30, 31] and the references can be found therein.
The theory of time scale and the related dynamic equations have been systematically studied since last two decades. To our knowledge, in 2013, András and Mészáros [32] first studied the UH stability for some linear and nonlinear dynamic equations on time scales. Additionally, they obtained the UH stability for some integral equations on time scales. They both used direct and operational methods. In 2013, Shen [33] established the Ulam stability for the dynamic equation Δ ( ) = ( ) ( ) + ( ) and its adjoint equation Δ ( ) = − ( ) + ( ), on a finite interval on the time scale by using the integrating factor method. In the same year, by using the idea of time scale, Zada et al. [34] studied a relationship between the HU stability of the dynamic system Δ ( ) = ( ) and its dichotomy. Moreover, for some new studies on the stability of impulsive and fractional differential equations, we recommend the readers to see [35] [36] [37] [38] [39] [40] [41] [42] [43] .
Our research is inspired by the paper of Qarawani [25] . In this studied, we establish the stability in the sense of HU, HUR and HURG for the following differential equation of the form:
with the initial condition
where ≥ 0, ( ) ∈ 1 ( ), ( ) and ( ) are continuous functions on for = 0,1,2, . . . , and = [ 0 , 1 ], for −∞ < 0 < 1 ≤ ∞. Additionally, ( ) ( ) satisfy Lipschitz conditions such that | ( ) ( ) − ( ) ( )| ≤ | − |, for any ∈ and ∈ {2, . . . , }, where , ∈ ℝ.
Althought this problem can be thought as a special case of [25] , when we take ( , ) = ∑ =0 ( ) ( ).
But in fact, in [25] ( , 0) = 0. However in our case, if the function 0 has the property 0 ( ) ≠ 0 for some point ∈ [ 0 , 1 ], then it requires that ( , 0) ≠ 0. For example, if the function ( , ) is taken as ( , ) = 1 + 2 , then it becomes ( , 0) = 1 ≠ 0 and the condition of Qarawani's [25] becomes invalid.
Therefore, this refer to the originality of the mentioned problem which is also generalization of some of the previous studies.
DEFINITIONS
Under the given assumptions in Section 1, we conceive the following nonlinear differential equation:
where ( , ) = ∑ =0 ( ) ( ). Then, the continuous function ( , ):
Definition 1. We say that the Equation (11) has the HU stability if there exists a constant > 0 with the following property: For every > 0, if ∈ 1 ( ) satisfies the inequality
with the initial condition (12) , then there exists a solution ( ) ∈ 1 ( ) of the initial-value problem (11)- (12) such that | ( ) − ( )| ≤ .
Definition 2.
We say that the Equation (11) has the HUR stability if there exists a constant > 0 with the following property: For every > 0, if ∈ 1 ( ) satisfies the inequality
with the initial condition (12) and ( ) ∈ ( , ℝ), then there exists a solution ( ) ∈ 1 ( ) of the initialvalue problem (11)- (12) 
where is a constant that does not depend on nor ( ).
Definition 3.
We say that the Equation (11) has the HURG stability if there exists a constant > 0 with the following property: For every > 0, ∈ 1 ( ) satisfies the inequality
with the initial condition (12) and ( ) ∈ ( , ℝ), then there exists a solution ( ) ∈ 1 ( ) of the initialvalue problem (11)- (12) such that | ( ) − ( )| ≤ ( ), where is a constant that does not depend on nor ( ) and ( ) > 0.
MAIN RESULTS
Below, we will prove stability and asymptotic stability in the sense of HU, HUR and HURG of Equation (9) with the initial condition (10). Theorem 1. If ( ) ∈ 1 ( ), ( ) and ( ) ( ∈ {0,1, . . . , }) are continuous functions on , then the initial-value problem (9)-(10) has the HU stability.
Proof. Let ( ) be an approximate solution of the Equation (9) with the initial condition (10), and > 0. We will show that there exists a solution ( ) ∈ 1 ( ) of the Equation (9) such that
where > 0 is a constant. Consider the following inequality:
By multiplying of (16) with
Integrating (17) 
From (18), we can write
Now, multiplying (19) with
that is,
Let us assume that ( ) is given as follows:
By using the fundamental theorem of calculus, we get
Thus, ( ) satisfies the initial-value problem (9)-(10). Now, find the difference: 
where = ( , ) ∈ [ 0 , 1 ] × [− 1 , 1 ] ⊂ ℝ 2 , and since ∈ 1 ( ), there exists a constant 1 such that
Therefore, using (20) and (21) 
So, we get
By using Gronwall's inequality, we obtain
Consequencely,
. Therefore, the problem (9)-(10) has the HU stability. Proof. Let > 0, ( ) > 0 be an arbitrary function, and ( ) be an approximate solution of the Equation (9) with the initial condition (10) . We will show that there exists a solution ( ) ∈ 1 ( ) of the Equation (9) such that
where is a constant that does not depend on neither nor ( ). Consider the following inequality:
By multiplying (24) with the function
Integrating (25) from 0 to , we get
Multiplying (26) by the function
As it was proved by the above theorem, ( ) satisfies the initial-value problem (9)- (10) . Now, find the difference:
Employing (20), (21) and (22) in (27), we obtain Using Gronwall's inequality, we infer
where ( ) = − ∫ 0 ( ) and = ( 1 − 0 ) . Therefore the problem (9)-(10) has the HUR stability. Proof. By using a similar way as the one used in proof of Theorem 2, we got the following inequality:
Using Gronwall's inequality, we obtain
Hence | ( ) − ( )| ≤ ( ), where = and ( ) = ( − 0 ) − ( − 0 ) . Also, we obtain ( − 0 ) − ( − 0 ) → 0 as → ∞ in (28), whence lim →∞ ( ( ) − ( )) = 0. Thus, the problem (9)-(10) has the HURG stability. Remark 1. In Equation (9), substiting some specials values to and ( ), as a result it coincides with some preliminary studies in the literature. For example, if we take = 0,1 in Equation (9), then Equation (9) are reduced to first-order linear differential equations. There are many studies on these equations in the literature, see [7, 12, 13, 14, 15, 16, 17, 26, 28] . If we take = 2 in Equation (9), then Equation (9) are reduced to the Riccati differential equations. So, we achieve the results obtained in [18] . If we take ( ) = 0 for = 0, 1, 2, . . . , − 1 in Equation (9), then Equation (9) are reduced to the Bernoulli's differential equations for ∈ ℕ. In Equation (9), if ( ) = 0 and ∈ (1, ∞) are selected for = 0,1, . . . , − 1, performing the similar operations are taken, the results obtained in [25] are reached when ( , 0) = 0. If we take = 3 in Equation (9), then Equation (9) are reduced to the Abel differential equations. Hence, our work is still valid for Abel differential equations and to our best knowledge there is no such study for this equation in literature. Therefore, this work can be considered as the generalization of many previous works. It is also the first work related to the HU, HUR and HURG stability of Abel equations.
EXAMPLES
Below, we will give the applications of our main results with three examples. Example 1. Consider the following initial-value problem:
Also, suppose that ( ) is a solution of the following inequality: 
So, the initial-value problem (29)-(30) has the HU stability.
Example 2.
Consider the initial-value problem:
Also, suppose that ( ) is a solution of the following inequality:
where ( , ) ∈ [0, 1 ] × [− 3 , 3 ], 3 = max Using the same argument used in Theorem 2, we have
By using the fundamental of calculus, it can be easily shown that
satisfies the initial-value problem (32)- (33) . Now, find the difference: 
with the initial condition 
CONCLUSION
In this study, we have obtained some new results based on the stability in the sense of HU, HUR and HURG for the first-order linear and nonlinear differential equations including Bernoulli's, Riccati and Abel differential equations under the given initial condition. We have removed the strong condition ( , 0) = 0 unlike in [25] . Thus, the considered problem appears as an original problem. But in case of ( , y) = q(t) , 0 < < 1 and < 0, there exists still an open problem. Finally, we carefully analyzed three illustrative examples.
